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ABSTRACT

Microtubules play an essential role in many cellular processes
whose disrupted functioning is associated with devastating
human diseases such as cancer. The discovery and testing of
microtubule targeting drugs often involve time-lapse fluores-
cence microscopy imaging of microtubule plus-end binding
proteins and require highly accurate estimation of their dy-
namic behavior. Although many methods exist nowadays to
perform fully automatic particle tracking in such images, their
accuracy and precision are inevitably limited due to noise and
other imaging artifacts, and this negatively affects the estima-
tion of parameters such as microtubule growth speed. Here
we propose a new approach to estimate such parameters based
on Gaussian processes. It naturally deals with measurement
noise and can be easily initialized from the data itself. Exper-
imental results on both synthetic and real data demonstrate
that our approach indeed yields more accurate estimates of
microtubule dynamics.

Index Terms— Gaussian processes, particle tracking, pa-
rameter estimation, fluorescence microscopy.

1. INTRODUCTION

Microtubules (MTs) are one of the three types of cytoskele-
tal networks in biological cells [1]. These tubular structures
(⇠ 25 nm in diameter) play an important role in many cellular
processes, such as mitosis, vesicular transport, and cell mi-
gration [2]. Disruption of these processes typically leads to
diseases, most notably cancer. Hence there is a great inter-
est in developing drugs capable of deregulating the MT net-
work, thereby preventing mitosis and/or metastasis of can-
cerous cells. This involves studying the effects of chemical
compounds on the dynamic behavior of MTs.

Visualization of MT tips can be done very effectively by
means of fluorescent labeling of plus-end binding proteins
such as EB1/EB3 or other MT-associated proteins (MAPs)
and using time-lapse microscopy imaging [3]. Their trajec-

tories can subsequently be extracted from the data by parti-
cle tracking methods [4], after which important parameters
such as the speed, length, and growth times can be computed.
Differences in the parameter values for different experimen-
tal conditions are of major importance for the classification
of the effects of compounds, and must be measured with the
highest possible accuracy and precision. However, due to lim-
itations of the imaging process (noise, blurring, bleaching),
the detection and localization of MTs is always plagued with
uncertainty, and the errors propagate to the measured parame-
ters. Thus there is a great need for better parameter estimation
methods that are more robust to errors.

Here we propose a new approach to MT trajectory analy-
sis using the mathematical framework of Gaussian processes
(GPs) and GP regression. GPs naturally deal with noisy ob-
servations of MT positions and require specification of only
a few hyper-parameters that can be easily inferred from the
observed trajectories. We evaluate the performance of GP re-
gression for MT speed estimation using both synthetic trajec-
tories (with known ground truth) from the particle tracking
challenge [4] and real data from our studies of the effects of
two MAPs (CLASP1 and CLASP2) on MT dynamics in N1E-
115 neuroblastoma cell lines.

2. METHOD

2.1. Problem Statement

Automatic particle tracking results in a set S of trajectories
si(t) 2 S , with i = 1, . . . , NS , each of which describes the
location of an MT in the image over a series of time points
t 2 ⌧i, where ⌧i = {t

1

, . . . , tNi}, for which the MT was im-
aged. Due to noise and other imaging artifacts, the measured
coordinates si(t) = (xi(t), yi(t)) inevitably contain some un-
certainty (Fig. 1). For each coordinate, this uncertainty can
be described by a Gaussian distribution, centered at the un-
observable ground-truth position, with standard deviation �p.
For typical MT detectors [4], �p ⇡ 50-100 nm (1-2 pixels).
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Fig. 1. Effects of MT localization errors. (a) Maximum intensity
projection (MIP) of a time-lapse sequence (60 frames) depicting the
motion of MT ends. The arrow indicates one (fairly straight) MT
shown in (b) using a MIP over each 10th frame. Yellow circles in-
dicate the detected positions, which deviate from the “straight” MT
profile due to localization errors. (c) The errors lead to either over-
(red trajectory) or underestimation (blue trajectories) of MT length
and speed. Here the black lines represent the ground-truth trajecto-
ries and the gray regions (4�p in diameter) show the areas where the
MT detector will most likely produce detections.

Depending on the image quality and the complexity of the
trajectory, localization errors lead to over- or underestimation
of the traveled distance (commonly computed as the sum of
piecewise linear displacements between the time points), as
well as of derived parameters such as average speed (here
denoted as V

CUM

and commonly computed as the traveled
distance divided by tNi � t

1

). More accurate parameter es-
timation may be achievable by using high-order interpolation
models, resulting in smoother trajectories, but this does not
address the fundamental uncertainty problem.

2.2. Gaussian Process Regression

A GP is a collection of random variables (indexed by some
predictor variable t), any finite number of which has a joint
Gaussian distribution [5]. It is fully specified by its mean
function m(t) and covariance function (kernel) k(t, t0), and
may have an infinite index set ⌧ , allowing to define the pro-
cess over a continuous variable, such as time. Therefore, a
GP can also be considered as a distribution over stochastic
functions, f(t) ⇠ GP(m(t), k(t, t

0
)), where for every input t

there is an associated random variable f(t), which is a value
of the stochastic function at that time. Thus, m(t) is the mean
value of all those functions at t, and k(t, t

0
) represents the

amount of information that f(t) carries about f(t0).
This distribution over functions can be used as a prior

in Bayesian inference to estimate the underlying object dy-
namics (in our case f(t) is either x(t) or y(t)) using the
noisy observed trajectories s(t) 2 S (the index i is omitted
from here on to simplify the notation). The prior does not
depend on the measured data, but specifies some properties
of the functions (being smooth, close to quadratic, and so
on). This inference, called GP regression, requires a set of
function observations f = (f(t

1

), f(t

2

), . . . , f(tN ))

T and

an expression for the kernel k(t, t

0
). The mean m(t) of

the prior process is commonly taken to be zero, which is
a reasonable assumption if predictions are only required at
the test points {t⇤

1

, . . . , t

⇤
M} close to the input values from

⌧ [5]. Thus, the form of possible functions f(t) is determined
through the choice of the covariance function, and the com-
monly used function is the squared exponential (SE) kernel
k(t, t

0
) = �

2

f exp (� 1

2

�

�2

l (t� t

0
)

2

), with hyper-parameters
✓ = (�f ,�l), where �l sets the rate at which the correlation
decays as a function of distance between the inputs, and �f

scales the maximum possible covariance. The SE kernel en-
forces smoothness since points that are close in time typically
have highly correlated outputs.

Having the observed noisy coordinates f , we aim to in-
fer the function that generated them. Expressing the likeli-
hood of the observed function values is straightforward be-
cause the values are assumed to come from a Gaussian pro-
cess and hence are normally distributed. Denoting the matrix
of pairwise covariances as K, we have f ⇠ N (0,K). To
express the posterior predictive distribution over M function
values f⇤ = (f(t

⇤
1

), . . . , f(t

⇤
M ))

T at a set of novel predictor
values {t⇤

1

, . . . , t

⇤
M}, we can simply compute a matrix of co-

variances between these points, K⇤⇤, and then between these
novel points and the observed points, K⇤. Because both sets
of points were generated by the same GP, they are all jointly
normally distributed as


f
f⇤

�
⇠ N

✓
0,


K K

T
⇤

K⇤ K⇤⇤

�◆
. (1)

The posterior is then obtained by conditioning on the ob-
served data as f⇤|f ⇠ N (K⇤K

�1f ,K⇤⇤ � K⇤K
�1

K

T
⇤ ).

Examples of posterior predictive distributions for a fictitious
trajectory, without and with observation noise, are shown in
Fig. 2. Note that in the noiseless case all the functions are
passing through the observed function values f . Observation
noise is accommodated by adding �

2

p to the diagonal elements
of the observed covariance matrix: K + �

2

pI .
To compute velocity estimates (the derivatives of f(t)) for

any predictor t⇤ using the observations f , we use the property
that the derivative of a GP is itself a GP [5]. It is straightfor-
ward to show that the GPs for the first and second derivatives
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Fig. 2. Examples of GP regression given a set of three (a) and five
(b,c) function observations (black squares). Shown are the mean of
the posterior predictive distribution fm(t) and two sampled func-
tions f

1

(t) and f

2

(t). The gray areas represent the 95% confidence
intervals around fm(t). Hyper-parameter values are �

2

f = 5 and
�

2

l = 2, with observation noise �

2

p = 0 (a,b) or �2

p = 4 (c).



have the following kernels:
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0
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0
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2

�
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�
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l . (3)

Thus, to compute the posterior predictive for the velocity
˙

f(t

⇤
)|f , all we have to do is compute the matrix K⇤ using (2)

for each pair of t⇤j and ti, i = 1, . . . , N , j = 1, . . . ,M , and
K⇤⇤ using (3) for each pair of t⇤j s.

2.3. Learning the Hyper-Parameters

Prior knowledge about MT trajectories (such as their “linear-
ity” and “smoothness”) can be incorporated via k(t, t

0
) by

specifying the hyper-parameters ✓ = (�f ,�l). By our GP
assumption, �f and �l can be inferred from the observations
at ⌧ = {t

1

, . . . , tN}), by defining the log-likelihood

L = log p(f |⌧, ✓) = � 1

2

log |K|� 1

2

fTK�1f�N
2

log 2⇡ (4)

and optimizing with respect to ✓ to obtain the maximum like-
lihood estimate ✓

ML

. Since the first derivatives of (4) are easy
to evaluate [5], this can be done using standard optimization
techniques, such as iterative conjugate gradients. Unfortu-
nately, L is not convex, leaving the possibility to reach lo-
cal minima corresponding to alternative explanations of the
data. To avoid this, we obtain estimates in the form of a pos-
terior distribution using Bayesian inference. Since this poste-
rior cannot be expressed analytically, we must employ Monte
Carlo methods such as the Gibbs sampler [6]. Having the
log-likelihood (4), we use very vague priors on each of the
hyper-parameters �f and �l (Gamma priors with shape and
scale parameters set to 0.001).

3. RESULTS

3.1. Synthetic Data

To evaluate the accuracy of GP regression for velocity esti-
mation, we generated 6,000 synthetic MT trajectories accord-
ing to the nearly-constant velocity (NCV) model [7], which
is often used to model MT dynamics, for example in the par-
ticle tracking challenge (PTC) [4]. There, the “straightness”
of the trajectories is controlled by model parameter q, which
specifies the variance of instantaneous (between successive
frames) velocities. We simulated the uncertainty in measured
(x, y) positions using Gaussian deviates with �d 2 [0.5, 2.5]

pixels. This range covers all 11 tracking methods performing
in Scenario 2 of the PTC [4]. Example trajectories are shown
in Fig. 3 and speed distributions in Fig. 4. In the PTC, the sim-
ulated speeds were clipped between V

min

= 3 and V

max

= 7

pixels/frame [4]. We note that this causes the variance of the
speeds to decrease with increasing values of q, which may
seem counter-intuitive at the first sight.

The Gibbs sampler for hyper-parameter estimation was
implemented in JAGS [8]. For each value of q, we drew

100 pixels q=0.1 q=0.6 q=2

Fig. 3. Examples of trajectories in the x-y plane generated according
to the NCV model. The case q = 0.6 corresponds to Scenario 2 in
the PTC. For each value of q, there are 50 trajectories, all starting at
(0, 0) and lasting for 30 frames. The initial direction is uniformly
random and the initial speed is 5 pixels/frame.
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Fig. 4. Ground-truth distributions of instantaneous speeds (a-c and
g-i) within 2,000 synthetic trajectories and the corresponding track-
averaged speeds (d-f and j-l), for each of q = 0.1 (left), q = 0.6
(middle), q = 2 (right), without (a-f) versus with (g-l) clipping to
[V

min

, V

max

] = [3, 7] pixels/frame.
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Fig. 5. Distributions of speed errors �V for 2,000 synthetic trajecto-
ries depending on �d for each of q = 0.1 (a), q = 0.6 (b), and q = 2
(c), shown as horizontal “violin” plots (combining a box plot and a
kernel density plot). The vertical black bars are the medians, and the
thick and thin horizontal black bars represent the interquartile ranges
and 95% confidence intervals, respectively.

10,000 samples from the joint posterior over the hyper-
parameters (after a 1,000-step “burn-in” period) using the cor-
responding 2,000 trajectories. The estimated posterior means
± standard deviations of (�f ,�l) for q equal to 0.1, 0.6, and



(a) (b)

Fig. 6. Single frame (512⇥ 460 pixels, 34⇥ 30µm2) from the
CLASP1 image sequence (240 frames) with ⇠ 4,500 trajectories ob-
tained using our MT tracker from the PTC.

2, were (45.2±20.3, 4.4±0.9), (41.6±18.8, 3.9±0.8), and
(39.5± 11.1, 3.1± 0.8), respectively. The decreasing values
correspond to shorter scales of correlation between trajectory
points as q increases. To quantify the improvements in speed
estimation using the proposed GP regression, we measured
the differences �V between the ground-truth speeds and two
estimates, V

CUM

and V

GP

. The error distributions are shown
in Fig. 5.

3.2. Real Data

The proposed GP regression was also applied to MT speed
estimation in cells imaged with a spinning disk confocal mi-
croscope. We studied three different N1E-115 neuroblastoma
cell lines, each stably expressing a single shRNA (“scramble”
shRNA, or shRNA against CLASP1, or against CLASP2).
The “scramble” shRNA is used as control and is not expected
to affect MT dynamics because no protein is depleted. By
contrast, shRNA against the CLASPs deplete either CLASP1
or CLASP2. Mammalian CLASPs are important MT stabi-
lizers and their knock down is expected to reduce MT poly-
mer mass, and hence increase soluble tubulin levels, which in
turn leads to increased MT growth rates. Each cell line was
transiently transfected with a cDNA encoding EB3-GFP (a
fluorescent marker of growing MT ends).

We acquired five image sequences per cell line, each
sequence containing ⇠ 3,000-5,000 trajectories (Fig. 6).
The estimated parameters (�f ,�l) for the “scrambled”,
CLASP1 knock down, and CLASP2 knock down data were
(18.3± 6.1, 4.8± 1.2), (14.8± 2.5, 5.1± 1.8), and (24.8±
5.7, 5.2 ± 0.8), respectively. The corresponding speed esti-
mates (V

CUM

±�, V

GP

±�) were (1.92±0.33, 1.54±0.43),
(1.89±0.42, 1.48±0.39), and (2.09±0.35, 1.86±0.41). The
quantitative differences between the V

CUM

and V

GP

within
each cell line match the predictions obtained for the synthetic
data (Fig. 5). The differences in speeds between the cell lines
as estimated by the two approaches are also consistently pre-
served, which did not affect our previous observations that
deletion of the CLASP2 leads to a statistically significant
increase in the speed of MT polymerization [9]. But having

more accurate GP-based speed estimates currently helps us
to build more accurate kinetic models that describe MT-MAP
interactions.

4. DISCUSSION

In this paper we have demonstrated the potential of GPs for
parameter estimation in biological fluorescence microscopy
tracking applications. The ability of GPs to account for the
measurement noise as well as to learn the process parameters
from the observed data leads to more accurate MT speed (and
MT length) estimates, as we confirmed using synthetic data
from the PTC. Application of GP regression to real data re-
sulted in more accurate estimates of MT dynamics, which are
important for further biophysical and nanomechanical mod-
eling. Although presented here for 2D+t applications, the
proposed approach applies straightforwardly to 3D+t applica-
tions. Further developments will include exploration of other
covariance kernels, which might be more specific and appro-
priate for studying MT dynamics, and adaptation of GPs to
analysis of more complex trajectories of vesicles and viruses,
which exhibit multiple types of motion within one trajectory
(switching between diffusive and directed motion).
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